We investigate whether entanglement can survive the thermalization of subsystems. We present two equivalent formulations of this problem: 1. Can two isolated agents, accessing only pre-shared randomness, locally thermalize arbitrary input states while maintaining some entanglement? 2. Can thermalization with local heat baths, which may be classically correlated but do not exchange information, locally thermalize arbitrary input states while maintaining some entanglement? We answer these questions in the positive at every nonzero temperature, and provide bounds on the amount of preserved entanglement. We provide explicit protocols and discuss their thermodynamic interpretation: we suggest that the underlying mechanism is a speed-up of the subsystem thermalization process. We also present extensions to multipartite systems. Our findings show that entanglement can survive locally performed thermalization processes accessing only classical correlations as a resource.
INTRODUCTION
Entanglement is a core feature of quantum theory and one of the most representative resources in quantum information science. In fact, it is at the basis of quantum advantages in metrology [1] , cryptography [2] , communication [3] and computation [4] . Entanglement also impacts quantum thermodynamic protocols, e.g. by allowing to extract more work than what would be possible with classical correlations [5] [6] [7] , resulting in negative work cost under erasure process [8] and strong heat backflows [9] . Entanglement is also a crucial ingredient to understand local equilibration [10] and its compatibility with global unitary evolution [11, 12] .
While being a powerful resource, entanglement often does not survive interactions with an external environment. It is therefore a central question whether entanglement can be maintained by certain classes of dynamics. From a thermodynamic point of view, one important class is thermalization, describing the evolution of generic states toward thermal equilibrium. Formally, thermalization is defined as a channel mapping arbitrary input states to a fixed output state -the thermal state. While entanglement is distributed at spatially separated locations, thermalization often acts locally. It is then natural to ask whether entanglement can survive a locally performed subsystem thermalization.
One way to formalize this question is as follows. Suppose an unknown input state is distributed to two agents at spatially separated locations. We assume that the agents neither share additional quantum resources, such as another entangled state, nor can they communicate with each other. Each of them has access to a local heat bath, and we allow for the two baths to be classically correlated across the bipartition. Each party thermalizes their half of the (unknown) input state by coupling * Electronic address: chung-yun.hsieh@icfo.eu their local systems to the correspondent local bath. We assume the two dynamics remain independent, for example due to the timescales involved. Our central question is whether entanglement can survive when the local systems are thermalized [ Fig. 1 (a) ].
We will show that the above question admits an equivalent reformulation as follows. Suppose two agents are restricted to perform Local Operations (LO) and can exploit pre-Shared Randomness (SR) -a set of operations denoted by LOSR. The question above is then equivalently phrased as: is there an LOSR channel that 1. locally thermalizes every input to predefined thermal states (i.e., it is locally indistinguishable from a thermalization) and 2. the output is entangled at least for some input [ Fig. 1 (b) ]? Such channels, whose existence we want to explore, will be called entanglement preserving local thermalizations (EPLTs).
Ultimately, these are fundamental questions concerning the structure of quantum mechanics, specifically about the interplay between subsystem thermalization and quantum correlations. Here we ask if classical correlations/shared randomness alone allow for the preservation of entanglement in thermalization processes. The answer we find suggests that shared randomness can be a useful resource to sustain entanglement during thermalization.
This work is organized as follows: in Sec. I we formalize the notion of local thermalization and our main question, as well as discuss the zero and infinite temperature limits. In Sec. II we prove that EPLTs exist at every non-zero temperature, and provide lower bounds on the amount of entanglement they can preserve. We also briefly discuss extensions to multipartite scenarios and give an EPLT with a direct thermodynamic interpretation as a protocol involving a unitary stage followed by a quench-thermalization-quench stage. In Sec. III we formally show that the two frameworks introduced, respectively based on LOSR and classically correlated local heat baths, are equivalent. In Sec. IV we give some hints that EPLTs may rely on the possibility of speeding up (a) Classically correlated heat baths formulation. In this formulation, we ask whether entanglement can survive after subsystem thermalizations are achieved by coupling to classically correlated heat baths. (b) LOSR formulation. In this formulation, we ask whether entanglement can survive after a local operation plus shared randomness channel that is locally indistinguishable from a thermalization process.
the thermalization of local systems. We conclude with an outlook.
I. LOCAL THERMALIZATION WITH SHARED RANDOMNESS

A. Main question
We first formalize the question described in the introduction in terms of a local thermalization task under Local Operations plus Shared Randomness (LOSR).
Consider a bipartite setting with two spatially separated agents, Alice and Bob or A and B. Each of them holds a system with local Hamiltonian H X , and the total Hamiltonian is H A ⊗ I + I ⊗ H B . By means of a local process they want to thermalize their local system to some local environment temperature T X , X = A, B. Denote the thermal state
where k is Boltzmann's constant and X = A, B. We can now state the main definition:
X is a channel on the local system X for every λ and X = A, B. Here p λ ≥ 0, dλp λ = 1.
tr
E is an entanglement preserving local thermalization (EPLT) if, furthermore, there exists ρ AB such that E(ρ AB ) is entangled.
In words, a local thermalization E is local in two senses: that is, it is an LOSR channel (condition 1) that locally thermalizes every input (condition 2). That this set is non-empty is proven by the existence of the channel ρ AB → γ A ⊗ γ B for every ρ AB . Of course, this is not an EPLT.
Note that, if we drop condition 1, E can be any channel and in particular it can be a preparation of a state with thermal marginals; then, our dynamical question concerning the existence of EPLTs is reduced to the 'static' question of the existence of entangled states with given thermal marginals. Condition 1 avoids this trivialization by asking that E is an LOSR channel which means, since LOSR is a subset of Local Operations and Classical Communication, that entanglement cannot be created [13] .
Also, note that if we drop the requirement that condition 2 holds for every state, then again the existence of entangled locally thermal states and the identity channel would trivially satisfy the requirements. For example, if H A = H B = E|E E|, and T A = T B = T , it would be enough to observe that the two qubit state 1/Z|00 + e −E/kT /Z|11 (with Z = 1 + e −E/kT ) is locally thermal and entangled for every T > 0. Hence, condition 2 is crucial.
Finally one may ask whether one could strengthen condition 1 and ask that E is a local operation, with no shared randomness. However, as expected, no correlations (even classical ones) can be preserved in this scenario: Proposition 1. Any product local thermalization to the marginals (γ A , γ B ) coincides with the constant channel (·) → γ A ⊗ γ B . In other words, no correlation can be preserved by product local thermalizations.
Proof. Suppose E is a product local thermalization given by E = E A ⊗ E B . By definition E X is identical to the constant channel (·) → γ X , which is a measure and prepare channel, thereby being an entanglement breaking channel [14] . This means
which completes the proof. Hence, the simplest EPLT, if it exists, must exploit shared randomness to preserve entanglement during a local thermalization process. Our main question is then: Do entanglement preserving local thermalizations exist?
B. Elementary cases
In the zero temperature and infinite temperature limits, the above question admits a straightforward answer.
Hence, before tackling the general case, it is instructive to consider these limit scenarios.
The first limit case is T A = T B = ∞ or, equivalently, H A ∝ I, H B ∝ I. Taking equal finite local dimension d, the local thermal states are IX d , and the question becomes finding an LOSR channel that locally prepares a maximally mixed state while, at the same time, preserving the entanglement of some input state.
An example of such channel is the (U ⊗ U * )-twirling operation [15, 16] defined by
where the integration is taken over the group of d × d unitary operators U (d) with the Haar measure dU . The output of T is always an isotropic state [16] ρ iso (p) := p|Ψ
where |Ψ 
together with the fact that ρ iso is entangled if and only if Ψ . This shows that EPLTs exist in this limit.
At the opposite limit we have the T A = 0 or T B = 0. We consider separately two cases, depending on whether there is or there is not ground state degeneracy. In the latter case, the corresponding local thermal state will be given by the unique pure ground state of the local Hamiltonian. Then one can immediately conclude that no entanglement can be preserved, because a pure state cannot be entangled with any other system. Hence, no EPLT exists if the local Hamiltonian of the party having zero temperature has a unique ground state. On the other hand, if both local systems admit ground state degeneracy, then it is again possible to have EPLT even when T A = T B = 0 (see Appendix A).
II. EXISTENCE OF EPLT
With the elementary cases presented in Sec. I B in mind, we now turn to the existence of EPLT at finite local temperatures and non-trivial local Hamiltonians. In the remainder of this work, we assume equal finite local dimension d.
A. Existence and bounds on preserved entanglement
Formally, we introduce the following first candidate EPLT:
where η X is related to γ X in the following way:
with ∈ [0, 1] is to be defined. For the sake of measuring quantum correlations at the end of the local thermalization, we consider the fully entangled fraction (FEF) [17, 18] . For a given bipartite quantum state ρ AB acting on
where the optimization is taken over all maximally entangled states
A well-known fact about FEF is its capacity to characterize different entanglement and nonlocal properties [17] [18] [19] [20] [21] [22] [23] [24] . We are now in a position to state our first main result:
where P min is the smallest eigenvalue among γ A and γ B . Moreover, for all input states ρ AB , we have
Proof. First, the definition of η X implies that E (γA,γB) will locally behave as a thermalization. More precisely, Eqs. (5)- (7) give
and the same by exchanging A and B. Hence, it suffices to show that E (γA,γB) (·) is an LOSR channel in order to prove it is a local thermalization. From the definition, it suffices to prove that η X is a quantum state when falls into the prescribed region. Write
Hence, it suffices to impose Q X d−1 ≥ 0 to make sure η X is a quantum state. This gives ≤ dP
since γ X is a thermal state) for X = A, B, which leads to Eq. (9). Finally, Eq. (4) implies
Since Ψ
, the proof is completed. To see why Theorem 2 implies the existence of EPLTs at finite temperatures, let us recall the fact that a sufficient condition for a bipartite state ρ AB acting on [16, 25] ). From Theorem 2 we see that E (γA,γB) (ρ AB ) is entangled when >
. By taking = * = dP min , a sufficient condition for the output of E * (γA,γB) to be entangled is
since at least choosing |Ψ + d as an input, the output will be entangled. Given that P min = 1 d at infinite temperature, there is a whole range of temperatures in which this holds.
A few final remarks concerning Theorem 2. First, note that as T X → +∞, * → 1 and E * (γA,γB) → T ; in this sense, E * (γA,γB) can be considered as a finite temperature extension of the twirling operation. Second, note that Theorem 2 can also ensure that 'stronger' quantum correlations are preserved, due to the existence of FEF thresholds: for instance, ρ AB is useful for standard teleportation if
with F N (F S ) corresponding to the threshold of nonlocality (steerability) [21, 26] . Other thresholds were studied in Refs. [20, [22] [23] [24] 
exceeds these thresholds, the corresponding correlations in the locally thermal state E (γA,γB) (ρ AB ) can be guaranteed. Third, we note that other twirling operations such as the (U ⊗ U )-twirling [27] can also be used to construct EPLT with possibly different parameters and η X . Finally, there are various methods to implement twirling operations (e.g. Ref. [28, 29] and references therein), which make implementations of EPLTs possible.
B. Existence at every nonzero temperature for any given finite-energy local Hamiltonian
As we discussed in Sec. I B, EPLT are known to exist when T = ∞ and they cannot exist at T = 0 in the absence of ground state degeneracies. A natural question is: for given local Hamiltonians, do EPLT exist for every nonzero local temperature? The bound of Theorem 2 is inconclusive, since as T → 0 we have P min → 0, which trivializes the bound in Eq. (10) . However the following improved result can be given for qubit systems:
Proposition 3. For a two qubit system with γ A = γ B = |0 0|, one has that E * (γA,γB) (ρ AB ) is entangled if and only if Ψ
We note that A, B, C, D are all non-negative. This means the partial transpose on Bob's side has a negative eigenvalue if and only if C − |D| < 0, which gives p > 1/3, or equivalently Ψ
, the result follows by using the positive partial transpose criterion [30, 31] .
Note that for given finite-energy local Hamiltonians, the bound does not depend on the local temperatures T X > 0. Hence, EPLT exist for every nonzero local temperatures.
Another natural question is if, for some d and for some T , there are EPLTs able to preserve the entanglement of every input. The channel E * (γA,γB) cannot do this, since for example it cannot preserve the entanglement of all maximally entangled states. At the moment, this remains an open question.
C. Multipartite extension
As expected, the definition of local thermalization and Theorem 2 can also be generalized to the multipartite case by using multipartite twirling and the corresponding entanglement fraction. In particular, it can be shown that genuine multipartite entanglement of the Greenberger-Horne-Zeilinger (GHZ) state [32] can be preserved by local thermalizations. First, the definition of local thermalization can be generalized naturally:
For a given collection of N single party thermal states
A natural question is whether there exists genuinely multipartite EPLT; that is, a multipartite EPLT whose output is genuinely multipartite entangled for some input. We now show such channel exists.
To do so, we consider an N -qubit system. Using an appropriate sequence of N -local operations and shared randomness (see Sec. IV B in Ref. [33] ) one can define a channel, denoted by T GHZ , which brings arbitrary Nqubits input states ρ to the following form
where
and binary notation is used (j = j 1 . . . j N −1 ). We note that |Ψ + 0 is the GHZ state
. One important feature of T GHZ is the following preservation property: for all j = 0, ..., 2 (N −1) − 1 and σ = ±,
In particular, a state of the following form will be invariant under T GHZ :
and it is genuinely multipartite entangled if and only if x > 1 1+2 N −1 [33] . Due to this fact, one can define the following map for a given set of N single qubit thermal states {γ i } N i=1 extending Eq. (5):
where for each party indexed by i we define
Then by the same reasoning as for Theorem 2, we require 0 ≤ ≤ 2 min 
D. Alternative EPLT and thermodynamic interpretation
Here we mention another family of EPLT constructions:
with D p σ given in Eq. (6) . As in the proof of Theorem 2, to guarantee η X X are quantum states, we need 0 ≤ X ≤ dP X min , where P X min is the smallest eigenvalue of γ X . An argument similar to the proof of Theorem 2 shows that Λ ( A , B ) (γA,γB) is a local thermalization of (γ A , γ B ) with the following estimate
This estimate means that the family Λ
(γA,γB) includes EPLT when the local temperatures are not too low.
The EPLT given by Eq. (24) has a clear thermodynamic interpretation. First, Alice and Bob perform the twirling (by applying random unitaries using preshared randomness). Then, they perform a sudden quench of the local system Hamiltonians H X → H X X (where the energies are tuned, but not the eigenstates), with η X X = e −H X X /kTX . At this point, by thermal contact with their local environments, they let their local system undergo the partial thermalization pro-
is realized for the chosen X [a standard model is p(t) = e −t/τX for some typical thermalization time τ X ]. Finally, they quench their Hamiltonians back to H X . At this point, whatever the input was, the local states are γ X , i.e. A and B both have thermalized. However, quantum correlations can be present once local thermality is reached. This is in contrast with what happens if they both simply let their system thermalize as ρ X → p(t)ρ X + [1 − p(t)]γ X : in this case, local thermality is only reached when the global state is γ A ⊗ γ B .
1
For the example of a two qubit system with H A = H B = E|E E|, E > 0, T A = T B = T , the required Hamiltonian change to realize H X = E |E E | is
where Z = 1 + e −βE . Interestingly, the best bound in Eq. (10) is achieved for the choice = * ⇒ E * = +∞. Entanglement preservation, however, is already possible at a finite gap (for kT ≈ 1, ≈ 1 2 suffices, that requires E /E ≈ 3.23). It is a straightforward calculation to derive the required energy changes for an arbitrary local dimension d from Eq. (7). This discussion will help us understand the mechanism behind EPLT in Sec. IV.
III. CLASSICALLY CORRELATED HEAT BATHS FORMULATION
Let us now go back to the alternative formulation of our main question given in the introduction (Fig. 1) . Let us begin by making it precise through the following definition: Definition 3. A channel C of a bipartite system AB is a local bath thermalization to (γ A , γ B ) if
XX are local unitary dynamics on XX' and γ A B is a separable thermal state.
tr
C is an entanglement preserving local bath thermalization if, furthermore, there exists ρ AB such that C(ρ AB ) is entangled.
The alternative formulation of the question in the introduction is then:
Do entaglement preserving local bath thermalizations exist?
The following result allows to rephrase the results of the previous section in the new picture:
Proposition 4. No entanglement preserving local baths thermalizations exist if we restrict γ
E is a local bath thermalization/entanglement preserving local bath thermalization if and only if it is a local thermalization/EPLT.
The proof is presented in Appendix B. Proposition 4 shows that, as it is intuitive, the set of local bath thermalizations coincides with the set of local thermalizations. If two local agents perform interactions with a thermal bath that thermalize their local state for every input, even knowing that the bath has no entanglement across the bipartition, they still cannot conclude that their output is separable. Classical correlations alone in the bath can allow for the preservation of entanglement in the system, even after locally the thermalization is complete: entanglement preserving local bath thermalizations exist.
IV. MECHANISM
Since in simple thermalization models local thermality is reached only once correlations between the two parties are destroyed, the existence of EPLT suggests that the corresponding protocols rely on a 'local speed-up' of the thermalization. We will gather evidence for this intuition by taking the EPLT of Eq. (24) as a model, showing that the local thermalization process is sped up through an LOSR channel that is able to preserve some entanglement. This makes sure that at local equilibrium not all the (quantum) correlations are lost.
To substantiate the above claim we need to meaningfully talk about approaching thermal equilibrium. It will then be useful to introduce the following definition:
Note that this definition is similar, but not identical, to the one of Ref. [34] . In order to compare timescales of thermalization processes, we will use a standard partial thermalization model
which can be derived from collision models [35] and can be seen as a particular realization of the Davies dynamical semigroup [36] . Note that (6)] with p = 1 − e −t/τγ . Now, if Alice and Bob simply leave their local systems in contact with local independent baths, the partial thermalization model of Eq. (27) δ-thermalizes the local state ρ X in a time
Let us compare the corresponding time for the EPLT given by Eq. (24) . Any of the family of maps D
(1− X ) η X X , applied after the twirling, allows to achieve local thermality in a time t = −η X X ln X (since it can be realized by the partial thermalization model P 
Note that Eq. (29) is independent of the local input states ρ X and δ. Suppose t T < ∞, then t EPLT (ρ X δ → γ X ) is finite in the limit δ → 0, whereas t PT (ρ X δ → γ X ) → ∞. Hence, for any given state ρ X = γ X , there is a δ such that every δ-thermalization with δ < δ is faster in the EPLT than in the standard thermalization model. It is thanks to the fact that local equilibrium is reached in finite time that EPLT can preserve (quantum) correlations at local thermality.
One may however suspect that t T = ∞; let us show that, even in that case, the same speed-up argument can hold. In fact, with a finite number N of unitaries one can realize an approximation T (N ) of T , with exponentially good precision in N [28] . Since t T (N ) = N t U , with t U the time necessary to perform a single unitary, we will have N [and so t T (N ) ] to scale logarithmically with the required precision δ, with a constant prefactor t U . While this implies t T (N ) → ∞ as δ → 0, as long as t U is sufficiently small compared to the typical thermalization time (as it seems reasonable to assume), we can still have
→ γ X ) when δ > 0 is small enough and N is large enough. In fact, we show that for any ρ X = γ X , speed-up of δ-thermalization is achieved for δ > 0 small enough with probability 1 − O(δ 4 ) if
We refer to Appendix C for the proof and further details.
V. CONCLUSION
In this work, we studied the robustness of quantum correlations under local thermalizations, which are a subset of Local Operations and Classical Communication that locally act as standard thermalizations. The main result can be summarized as showing that entanglement can survive under locally performed thermalizations.
This can be understood in two ways: on the one hand, it suggests that in the presence of local environments that degrade and eventually destroy shared quantum resources, in principle one could partially counter this detrimental effect by actively exploiting shared randomness. On the other hand, the correlated bath picture we presented shows, again in principle, that local interactions to classical correlated baths can locally thermalize the system while preserving (some of) its entanglement. It would be especially interesting to find master equations realizing an entanglement preserving local thermalization (EPLT) with entangled states as fixed points of their dynamics, and we leave it as an open question.
We also investigated the mechanism behind the existence of EPLTs and we suggested that it can be traced back to a speed-up of the subsystem thermalization, in our case achieved through random unitaries followed by a sudden quench to a new Hamiltonian and thermalization. A more in depth understanding of how thermalization can be sped up is interesting per se (e.g., in the setting of quantum heat engines), but we gave evidence here that this problem is connected to the question of preserving global entanglement during thermalization processes.
From a foundational perspective, our work contributes to the research line that tries to identify genuinely quantum effects in a thermodynamic setting, by showing that a crucial ingredient of the quantum world can survive local thermalizations, and explores the relation between local and global thermalizations. For example, the existence of EPLTs implies that even if a local agent has witnessed a local thermalization of every input state, she could still subsequently witness a stronger than classical heat back-flow from the cold to the hot body due to the residual entanglement [9] .
Importantly, note that our results also admit a more general interpretation. In fact, they show that there exist local channels that locally are preparations of given (full-rank) states, while globally they are able to preserve the entanglement of some inputs. We believe that the study of the compatibility between global and local input/output relations of quantum channels is an interesting venue for future research. 
where g is a degeneracy index and {|0, g } g=0,1 span the ground energy subspace of the local Hamiltonian H X . The first step of the protocol is to measure {Π 
.
Step 2: use shared randomness to achieve a (U ⊗ U * )-twirling operation on the ground energy subspace, denoted by T 0 . Formally, the channel corresponding to the above protocol is
, where
for X = A, B, where Φ ρ (·) ≡ ρ is the channel discarding the input and preparing ρ. Note that this protocol gives a local thermalization because the output states will have, independently of the input, marginal
2 on the local system X, which is the desired thermal state in this case. The entanglement preservation can be seen by choosing the input state as
,which is invariant under the whole protocol. This proves the existence of an EPLT.
Appendix B: Proof of Proposition 4
Proof. Since every local heat bath thermalization is by definition a local thermalization, the first statement follows from Proposition 1. This also means that when E is an entanglement preserving local bath thermalization, it is by definition an EPLT.
To prove the second statement, it suffices to show that if E is a local thermalization, it is also a local bath thermalization. First, we note that LOSR channels are of the form Λ E λ A ⊗ E λ B p λ dλ, which is in the convex hull of the set of all product channels . Being embedded in a finite Euclidean space, Carathéodory theorem implies that for each LOSR channel E, there exists a finite set of product channels and a probability distribution
, where D only depends on the local dimensions. Then, for a given i and X = A, B, the Stinespring dilation theorem [37] guarantees the existence of an ancillary space X i with dimension d 2 and a unitary 
Now we define a space
, and we introduce two additional ancillary spaces A H D and B H D . Then we can write
which is a unitary operator acting on XX X . The separable state D i=1 p i |ii ii| A B is full rank, hence it can be identified with a thermal state on A B by an appropriate choice of the Hamiltonian on these ancillas.
Appendix C: Speed-Up For Infinite Twirling Time
In this section, we assume the perfect twirling T takes infinite time to be achieved. Hence, rather than using the exact twirling operation, we consider an implementation of T to approximate it within finite time. From Ref. [28] , we have the following implementation:
where each U k represents a random unitary and U = (U 1 , ..., U N ) is a vector of random variables. This approximation can be taken in the sup norm for channels defined by E ∞ := sup ρ E(ρ) ∞ for a given channel E:
where (·) := (·)dU 1 dU 2 ...dU N is the average over the Haar measure. This follows from Eq. (22) of Ref. [28] and the fact that the sup norm is upper bounded by the other p norms. We will show that 1. For an arbitrarily small λ, with probability 1
2. When τ γX > t U × 8 ln 2 , for every local input ρ X = γ X there exists a small enough δ for which speed-up of δ-thermalization can happen.
For the first part, we have the following result:
Lemma C.1. For every λ > 0, we have
Proof. This fact can be seen by applying Chebyshev's inequality on the random variable T − T 
Consider a given pair of sequences of unitaries U and V. Using the notation
where we repeatedly used the triangle inequality and the summation s is over all the possible strings of ordered indices s = {s 1 , s 2 , ..., s js } ⊆ {1, 2, ..., N } with j s ≤ N . Since
we conclude that
The continuity in the argument U in the metric d N follows from the fact that
where in the first step we added and subtracted (V i ⊗ V * i )ρ(U i ⊗ U * i ) † and used the triangle inequality; in the second step we used the fact that for any two linear operators A and B, AB ∞ ≤ A ∞ B ∞ (submultiplicativity); in the third step we added and subtracted U i ⊗ V * i and used again the triangle inequality and submultiplicativity; and in the last step we used A ⊗ I ∞ = A ∞ .
From the above, T − T (N ) 2 ∞ < 1 2 N + λ, holds with probability 1 − 1 λ 2 2 N . When λ is chosen properly, the success probability of a good precision implementation is very high.
Given this approximate realization of the ideal EPLT, our goal is to estimate the time it takes to achieve δ-thermalization. For the local system X, we write the time for the channel D 
which holds with probability 1 − 2 − N 2 . In the first inequality we used the relation tr Y (·) ∞ ≤ tr Y (·) 1 ≤ · 1 ≤ d · ∞ and Q(ρ) ∞ ≤ Q ∞ for all superoperators Q and states ρ; in the second inequality we used
. This estimate means that for any given δ ∈ (0, 1), there exists a sufficiently large N = N δ to let the above upper bound to be smaller than δ; that is, this choice of N ensures δ-thermalization of every local input ρ X , with success probability 1 − 2
